Rideal cannot have been right in sug-
gesting that all reported values of «
less than unity are the result of errors
in measuring surface temperature. o
appears to be a property of the evap-
orating substance, decreasing in value
with increasing temperature.

NOTATION

A = constant in Equation (2)

A, = area of surface of test piece,
sq. cm.

A, = area of condenser surface, sq.
cm.

B = constant in Equation (2)

m = evaporation flux, g./ (sec.) (sq.
cm.)

M = molecular weight of evaporat-
ing substance

P = vapor pressure, mm. Hg.

P, == vapor pressure at surface tem-
perature, mm. Hg.

R = gas constant

T = temperature, °K.

T, = temperature of blackbody cav-
ity, °K.

T, = temperature of surface, °K.

T, = temperature of surrounding
condenser, °K.

a = evaporation coefficient, defined
by Equation (1)

€ = emissivity of coated test speci-
men

o = Stefan-Boltzmann constant

A = enthalpy of sublimation, cal./g.
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Transfer Functions of Heat Exchangers

In the course of research the authors have collected a number of transfer functions for various
types of heat exchangers. For the convenience of analysis the heat exchangers may be classified
into several basic types described in subsequent pages. In each case certain assumptions are
made when one writes down the differential equations of the heat exchanger, which constitute the
so-called mathematical model of the exchanger. If a particular heat exchanger is being classified,
it is important to know the ngture of temperature variation and the relative directions of flow
of the exchanging fiuid streams. If the heat exchanger in question matches one of the types
described, then the transfer functions listed may be used to obtain its theoretical frequency and

transient responses.

To obtain the frequency response
the Laplace transform variable s in the
transfer function, G(s) is replaced by
jo, and the moduli and arguments of
G (jo) for different values of o are, re-
spectively, the amplitude ratios of the
output to the input and the phase
angles between them. To obtain the
transient response for a unit step input
it is necessary to invert the function
G(s)/s, and this procedure is not al-
ways easy. Most of the transfer func-
tions presented here appeared previ-
ously in the literature, but some were
obtained by the present authors. This
paper will present to the research
workers in this field a convenient col-

James P. Hsu is with the IBM Corporation,
Camden, New Jersey.
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lection of available transfer functions,
thus eliminating the necessity of dupli-
cating the burdensome mathematical
work,

The following notes apply to the
notation and procedures used in all
cases. The independent time variable ¢
and space variable x are nondimen-
sionalized to 7 and ¢, and the system
parameters are grouped in dimension-
less forms denoted by &’s and b’s. Cer-
tain uniformity and symmetry of nota-
tions are incorporated in this presenta-
tion so that the reader, in passing from
one type of heat exchanger to another,
will have little difficulty in interpreting
the notations encountered. The tem-
perature variables §’s and ¢’s in all the
differential equations denote the time
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JAMES P. HSU
IBM Corporation, Chicago, lllinois

and NATHAN GILBERT

University of Cincinnati, Cincinnati, Ohio

varying part of the temperatures, that
is the part representing the deviations
or perturbations of the temperatures
from their steady state values; there-
fore when one assumes that the system
is in the steady state at the time t = 0,
the initial values of all these variables
are Zero.

To derive the transfer functions of
the heat exchanger the inlet tempera-
ture of one fluid stream is regarded as
the input or forcing function of the ex-
changer and the outlet temperature of
the same or other fluid stream as the
output function of the exchanger. The
transfer function is defined as the ratio
of the Laplace transform of the output
function to that of the input function,
provided that the system is initially in
the steady state. The same transfer
function may be regarded as the La-
place transform of the output function
when the input function assumes a unit
impulse function 8(¢). This definition
is used to formulate the boundary con-
ditions for the heat exchanger to obtain
the desired transfer functions. The dif-
ferential equations are linearized and
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then solved in the s-domain, a proce-
dure which can be justified for small
perturbations.

Where the temperatures of the fluid
and the tube wall vary along the length
of the heat exchanger, the following
assumptions are made: (a) the velocity
and temperature of the fluid are uni-
form across the cross-sectional area of
the tube, (b) the heat transfer within
the fluid in the longitudinal direction of
flow due to molecular conduction and
turbulence can be neglected, (c) the
mechanical energy (kinetic and poten-
tial) of the fluid is negligible compared
with the thermal energy, (d) the fluid
is essentially incompressible, (e) the
temperature of the tube (or shell)
walls is uniform throughout the cross
section normal to the direction of flow
of the fluid (reasonable for thin metal-
lic walls), (f) the heat conduction in
the tube wall in the longitudinal direc-
tion can be neglected. It is further as-
sumed that the outside surface of the
shell wall is perfectly insulated. Most
differential equations are obtained by
applying energy balance on the ex-
changing streams with the above as-
sumptions.

TYPE 1. BOTH FLUIDS THOROUGHLY
MIXED OR ISOTHERMAL

This type of heat exchanger, sche-
matically represented in Figure 1, has
been analyzed by Mozley (8), Taka-
hashi (9), and Campbell (I1). Very
few heat exchangers in practice belong
to this type; however where the fluid
temperature changes continuously along
the length of the heat exchanger, the
exchanger may be divided into several
sections within which the temperature
of the fluid may be considered uniform,
with the derived equations applying to
the individual sections. The technique
of studying the heat exchanger with
continuously varying temperatures (dis-
tributed systems) by lumping the sys-
tem parameters into several sections
has been employed by Mozley (8) and
forms the basis for analogue computa-
tion.

The differential equations describing
this system are

ds,
— + 66— =a, (¢ —6)
dr
ﬁ-= b1 (01'—4’) + bz (‘02"‘4’) (1)
dr
T%+02'“_021=a2 (¢—02)
dr
where
h A, hs A,
a; = ) ay =
W, Cy Ws Cs
b1=h1AlM1, b2= ’lYA2M1
WiCw M., Wi M,

(2)
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T = t/Tl, T1 = M;/UJi, Tz = Mz/wz
r=T,/T, = M2w1/M1w2

The boundary conditions are

Case (a). Inlet temperature of stream
2 steady and inlet temperature of
stream 1 as forcing function:

01 (O) =02 (0) =0

Oy (v) =3 () (3)
'Bzi (T) = 0
Case (b). Inlet temperature of

stream 1 steady and inlet temperature
of stream 2 as forcing function:

6,(0) =6,(0) =0
ou (1') = 0
Ou () =8 (1)

(4)

The corresponding transfer functions
are

Case (a):
él 2
i () __ f (5)
0u(s)  fife— g
52 2
his __ &8 (6)
n (S ) flfz — &8
Case (b):
A A
a8 (@)
0z (3) f1f2 — 18
s A
9 ) __ f (8)
[N (3) fl](z'— 818
where
a:0;
R
-1 _ asb,
fz— + a. b1+bg+8+rs
_ ab, . abh
B htbts & hitbts
(9)

If the thermal capacity of the parti-
tion wall can be neglected, the tem-
perature of the wall does not enter into
the picture. Therefore the second equa-
tion of (1) disappears, and the system
equations reduce to

dp,
—t = b= a (92‘—‘01)
dr
(10)
do,
r— -+ 0;— 0 = a, (01’—02)
dr
where
a’' = UzAz/ W1Cy, a; = U2A2/ W,C2
(11)

1
T AJhA, + 1/h, + yAJKA,,

Here the overall coefficient U is arbi-
trarily defined on the basis of the sur-
face A, in contact with stream 2. Al-

U,
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though the wall heat capacity is neg-
lected its thermal resistance may be
included in computing U, as given by
(11).

The transfer functions for this case
are the same as given by (5) to (8)
with the following modifications for

fis fo gi and g
f}. = 1 + a.t, + S,

g = @’

fe=14a'+ 18
g =a

(12)

TYPE 2. 1-1 HEAT EXCHANGER,
TEMPERATURES OF BOTH STREAMS

CONTINUQUSLY VARYING ALONG
THE PATH (NO PHASE CHANGE
OF EITHER STREAM}

This type of heat exchanger consists
of one tube path and one shell path
and is commonly known as double-
pipe heat exchanger. It may also refer
however, to an exchanger with several
parallel tube passes inside a shell. Two
orientations of the relative directions of
fiow of the tube and the shell streams
are possible, namely the parallel flow
and the counterflow, as depicted in
Figures 2a and 2b, respectively.

Some of the eight transfer tfunctions
introduced below were given by Gould
(5) and Takahashi (9), who also
studied this type of heat exchanger ex-
perimentally.

The differential equations for this
type of heat exchanger are

96, 00,
P i—gg =0 (4"—91)
90, 08,
7-3:+—5-§-—— a: ($ — 6:) + a. (¢, — 62)
d
2 b= ) + BB — B
ar
a 7]
9 _ b, (6:— ¢.)
dr
(13)
where
hA,L h.AL h.A,L
a; = y Oy = y Qe = >
uls1p101 uzszpzcz quaPzCz
1 -2 h;AsL
b1= hlAL,bs= thL b:: )
UL UsCy Uu.c,
& =ux/L, T = fu, /L. r=u/u,
(14)

The boundary conditions are

Case (a). Parallel flow, inlet tem-
perature of shell fluid steady, inlet
temperature of tube fluid as forcing
function:

0, (£,7=10) =0, (¢(,7=0) =0
01 (0, 'T) =8 (T)
9. (0,7) =0

Case (b). Parallel flow, inlet tem-
perature of tube fluid steady, inlet tem-

(15)
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perature of shell fluid as forcing func-
tion:

6 {(£,7=0)=0,(,,7=0)=0
#,(0,7) =0

(16)
6. (0,7) =8 (r)

Case (c). Counterflow, inlet tem-
perature of shell fluid steady, inlet tem-
perature of tube fluid as forcing func-
tion:

0, (£,7=0) =6, ((&,w=0) =0
6 (1,7) =8 (r)
6. (0,7) =0
(17)

Case (d). Counterflow, inlet tem-
perature of tube fluid steady, inlet tem-
perature of shell fluid as forcing func-
tion:

0. (E:‘r:O) =4 (f,‘r=0) =0
4, (1,7) =0

(18)
8. (0,7) =8 (v)

In Equation (18) the direction of
flow of the shell fluid has been chosen
as the positive direction of the x axis;
hence the 4 sign in the first equation
of (13) applies to the parallel flow
case and the — sign the counterflow
case.

If one solves {13) together with the
boundary conditions for the different
cases, the following transfer functions
are obtained,

Parallel Flow

Cases (a) and (b):

Llsd __& (v (19)
o (S) A A

610 (s) __&&

au (S) M— M\

( fli)u e‘l—f1 _i . e"ﬂ) (20)

21_0(8_).=_g1__(e>‘1._e"2) (21)
02((8) xl_Xg

bu(s) _ g

52{(3) MN— A

(7‘ 41-x 3 = @) (@

where
Mwh=—(fi+fi)/2%
Vi —f)” + 4gg./2 (23)

f1=0«1(b2+8)/(bl+b2+3) +s
f2=ae(b1 +S)/(b1+b2+s) +

a.s/ (b, +s) + s
g1=04b2/(b1+ b2+3)
g?za")bl/(bl+b2+s)

(24)

VYol. 8, No. 5

Wlr oli——b—r?ft_‘_—.wl, e
l 1. 01 ‘
wp, 02— !: M,, 8y = W2, 92

Fig. 1. Type | heat exchanger, both fluids
thoroughly mixed.

Counterflow Case

Cases (¢) and (d):

Bi(s) M— N

511 (3) fx(e)\l —_ e)‘”) — X et 4+ A e
(25)

520(6') = g,(gh_e"z)

0:(s)  fi(er—e*) —r e+ M e
(26)

bu(s) _ gi(e—e*)

6ui(s)  fi(er—e=) —ret+ Met
(27)

-éza (S) _ ()\1 - )\q) eh+)‘2

_021 (-5') fx(e)‘l —_ e”) — Xz e"l -+ A e
(28)

where

Ay, Ap = (fx"‘ fg)/2 *=
V(fl + fs)g— 4g1g2/2 (29)

with f,, f;, g, g the same as given by
(24).

If the heat capacities of the tube and
shell walls can be neglected, ¢ and 4,
do not enter into the picture, and (13)
reduces to

691 601
=4 = aq,’ — &
o % [/2) (03 ‘9)
(30)
B B o
f—.— — S Wl 3
or 9¢ @

where

a’ = U AL/ uus1,0101,
a) = UAL/uS:p.c,
(31)
U— 1
T AJhA, + 1/h, + yAJKA,,

The transfer functions for this simpler
case are the same in form as those
given by (19) to (29) with the follow-
ing modifications for f,, f., g, and g

h=a'+s, fe =a’ + s
(32)
g =a’ g = a.’
L %L% o
o i
- L
(s} * A

Fig. 2. a. A 1-1 heat exchanger with parallel
flow. b. A 1-1 heat exchanger with counterflow.
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TYPE 3. 1-2 MULTIPASS HEAT
EXCHANGER, TEMPERATURE OF
BOTH STREAMS CONTINUOUSLY
VARYING ALONG THE PATH (17}

This type of heat exchanger consists
of two tube passes in one shell pass.
Two orientations regarding the relative
directions of flow of the tube and the
shell fluids are possible: the flow direc-
tion of the shell fluid may be either
parallel or opposite to that of the first
tube fluid. The former case is known as
the parallel-counierflow, and the latter
case as counterparallel flow. These two
cases are shown in Figures 3¢ and 3b.
Several of the transfer functions
were obtained in a different form b
Masubuchi (6) and by Iscol and Alt-
peter (5).

The differential equations for this
type of heat exchanger are

00, 06,

= — b1
or 0¢ a(¢ )
08. _. 090,
—_— e — —_— 0’
or 13 al(d)x )
96 005
r 3 +—ag=az(¢1“‘03) +
-
s ($s—0:) + 6. ($. — 6s)
3¢y
—(;‘-t;= 1(01""1#1) +
ba(@s'—(ﬁx)
2
b+
bz(@a'— 4’2)
2 b(0— )
(83)
where AL
lL zL $Lds
a, = hlA ,a2= th b,a:= >
W S:10:101 UsS3psCs UsSapaCs
L _BAL _ BAL AL
Yowe T we O ue
r :ui/us, f=x/L, T :tU1/L
(34)

The + sign in the first equation and
the — sign in the second equation of
(33) apply to the parallel-counterflow
case, and the — sign in the first equa-
tion and the -+ sign in the second
equation apply to the counterparallel
flow case. To reduce the number of
parameters to a minimum it has been
assumed that the inside heat transfer
coefficients for the first and the second
tubes are both equal to A, and the out-
side heat transfer coefficients for the
two tubes are the same and equal to

The boundary conditions for the dif-
ferent cases are:

Case (a). Parallel-counterflow, inlet
temperature of shell fluid steady, inlet
temperature of tube fluid as forcing
function:
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0:(,7=0) = (é,7=0) =

0:(£,r=0) =0
$i(€,7=0) = ¢o(£,7=0) =
$.(£,7=0) =0
0.(§ =0,7) = 8(r)
63({::0, T) =0
0 (6=1,7) =6,(6=1,7)
(85)

Case (b). Parallel-counterflow, inlet
temperature of tube fluid steady, inlet
temperature of shell fluid as forcing
function:

01(§,T = 0) = 02(5,7 = 0) =

‘as(f;'r - O) =0
4)1(5,7: 0) = 4’2(5,7 = 0) -
$:(£,7=0)=0

0.(£,0,) =0
0:(£ = 0,7) = 8(=)
0(6=1,7)=6,(6=1,7)
(36)
Case (c). Counterparalle] flow, inlet
temperature of shell fluid steady, inlet

temperature of tube fluid as forcing
function:

61(537:0) =02(£>T:0) =
63({",1':0) 20

¢i(é,7=10) =(§,7=0) =
$.(§,7=0) =0

8.(6€=1,7) =8(z)
0.(£=0,1)=0
0.(E=0,7) =6{(£=0,7)
(37)
Case (d). Counterparallel flow, inlet
temperature of tube fluid steady, inlet

temperature of shell fluid as forcing
function:

0:(é,7=0) = 0,(£,7=0) =

‘03(5,1':0) =0
¢1(§’T=O) :¢2(f’7=0) =
‘I’S(E’T:O) =0

6.(¢=1,7)=0
0s(¢ = 0,7) = 8(v)
6:(£=0,7) = 6:(£ =0,7)
(38)
Solving (33) with the boundary

conditions (35) to (38) one obtains
the following transfer functions.

Parallelcounter flow

Cases (a) and (b):
B0 (s).

— = Cl/gx -+ Czﬂz + CsBs (39)
011‘ (S)
530
G008 _ o 4 Coo™ + Cos (40)
‘011 (-S‘)
520
%) _ b 4+ D+ Da (41)
[/ (S)
530
(s) = D,eM 4+ D.e* + Due’s (42)

e
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Counterparaliel Flow
Cases (c¢) and (d):

(e . .
Gl = mp)er (campren
C, 1 !
(o . .
D, | = (al—ﬂl)exl (‘12_~B2)ek2
( Ey B1e>‘1 /82e>\2
B =l a-p
§:A 1 !
1 Fl Ig’le)\l B2e>\2
F2 = (‘061 - Bl) (az - BZ)
" F" 1 1
?_20 (S) = .ElOllZ"1 + Ezaze)‘z + Ewseha
0::(s)
(43)
buls) _ gt B + B (44)
01£ (S)
—0‘20(3) — F;qu)\l + anae’\z + Faaseks
fui (s)
(45)
B2
u(8) _ pgn 4 R + P (46)
0si (S)

In Equations (39) to (46) Ay, A2, A
are the three roots of the following
characteristic equation of (33):

N fo X — A — £+ 2figg. =0
(47

where

fI:ad(b2+S)/(b1+b2+S) +s
fz = 2(12(171 -+ S)/(bx + bz + S) +
a.s/ (b, +s) +1s
g = abs/ (b, + by + 5)
g.=ah,/ (b, + by +s)
(48)

o, X, s, Buy, Bey Bs in (39) to (46) are
given by the following:

o == gl/ (fl + )\1)> Qp = g1/(f1 + )\2),

ag = gl/(fl + )\s)
Bl - gl/ (f1 i )‘1)5 :32 - gl/ (fl - )‘2)?

ﬂs = gl/(fl - )*'s)

(49)
DU | f—— L
uze 94 2,925
== —
q o

Fig. 3. a. A 1-2 heat exchanger with parallel
counterflow. b. A 1-2 heat exchanger with
counterparallel flow.

A.1.Ch.E. Journal

The constants C’s, D’s, E’s, and F’s
are solved from the following matrix
equations:

as -1 (1)
(s — Ba)es 0 | (50)

1 L 0 J

Qg __.1 0 )
(s — Bo) € 0 (51)

1 L1

B’ ]—l 17
(ets— Bs) 0 (52)

1 L0 |

Be 1—1 0
(s — Bs) 0 (53)

) L 1)

If the tube and shell wall heat
capacities can be neglected, the differ-
ential equations for this simpler case
take the form

6 L% _ o (6:— 6,)
ot o¢
0g. __ 00,
e -+ pY: = q/(6:— 6:)
6, o8y
1'&r Y =a/ (6, — ;) +
a2’(02 - 03)
(54)
where

01' = UzAzL/ UsE101Cy,
a’ = UAL/ UsSaPsCs
1

U, =
A A, T 1/hy + yAJkA,

55)

The transfer functions for this case are

same in form as (39) to (46) with the

following different expressions for fi, f,
gl: and gz:

fi=a'+s5,

g1 = aq’,

fo=2a’ + s

g =

(56)

Numerical computation by hand of
the frequency response from the trans-
fer functions of Type 3 exchangers is
very time consuming, and machine
computation is therefore recommended.
The expressions for these transfer func-
tions as listed above are in forms that
are readily amenable to machine com-
putation.

The technique used to derive the
transfer functions of 1-2 multipass heat
exchangers may be extended to analyze
an m-n exchanger consisting of m shell
passes and n tube passes in each shell
pass, but the resulting transfer func-

November, 1962



tions are considerably more compli-
cated.

TYPE 4. ONE FLUID STREAM
ISOTHERMAL OR MIXED, THE OTHER
UNMIXED

This type of heat exchangers is rep-
resented by Figures 44 and 4b. In Fig-
ure 4a the stream 2 is an isothermal
vapor. Examples of this type of heat
exchanger are condensers and steam
heaters. In Figure 4b the second
stream is a thoroughly mixed fluid.
The differential equations for these
two cases are quite similar.

Several of the transfer functions listed
below were obtained by Takahashi
(9) and Gould (4). Type 4A heat
exchanger has been studied experi-
mentally by DeBolt (3) and by Cohen
and Johnson (2) with respect to the
transfer function represented by (60).

Type 4 A (Figure 4a)

The differential equations for this
type of heat exchanger are

94, 00,

_67_ -+ _65_ =a,(¢— )
i}
2 BB $) + be(6— )
ar
06, '
?—7w2= 62"‘0 ((i)'—en) dé +
a, (¢s - 02)
d
L= b(0— )
.
w, = (‘012 - 02)/3
(57a)
where
a, = h1A1L/U181P1c1,
a. = h.A.L*/u.C,
a, = hAL/uC,
b, = hAL/uc.,
bg = thzL/ulct,
b, = h,A,L/u.c,,
y = LA/u,C,
¢§=x/L,
r= tu,/L
(57b)

A few words must be said about C
and R, the equivalent heat capacity of
the vapor space and the resistance to
the vapor flow as defined by the last
equation of (57a). To obtain a proper
expression for C material and energy
balances must be applied to the vapor
space. The resistance R is determined
by the gas flow laws.

The boundary conditions for this
heat exchanger follow.

Case (a). Inlet temperature of tube
fluid steady and the temperature (or
pressure) of the vapor source as forc-
ing function:

Vol. 8, No. 5

Fig. 4. a. Type 4A heat exchanger, one fluid

being isothermal vapor and the other un-

mixed. b. Type 4B heat exchanger, one fluid
mixed and the other unmixed.

0.(&7=0) =(r=0) =

fs(r=10)=0
$(£,7=10) = ¢ (£,7=0) =0
6.((=0,7) =0
05(7) = 8(r)
(58)

Case (b). Temperature (or pressure)
of the vapor source steady, and inlet
temperature of the tube fluid as forcing
function:

al(f,T = 0) = 92(1' == 0) —_
0:(=0) =0
¢(§’7= 0) =¢l(€:,7’= 0) = 0
6.(=0,7) = 8(x)
03(1‘) =O
(59)

Solving (57a) with the boundary
conditions (58) and (59) one obtains
the following transfer functions.

Case (a):

9_10(3) _ & (l_e—h) (60)
0:(s) f
6:(s) B
@n(s) B
’Yf12
R[fl(flfz — gigz) -+ glgz (1 —_— e"l)]
(61)
Elo(S) _
6a(s)
'Yflgl(l —_ e"l)
R[fl(flfz_ g1g2) + 818 (1 — e"l)]
(62)
Case (b):
6:(s) _
B (s)
fig:(1—e™)
fl(f1f2 — g1g2) + g.2- (1 — Z_rl)
(63)
91.,(.9) B
0..(s) -
gg:(1—e )"
et

* folfife — gage) + gige(1—e™)
(64)

where
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f1=al(bz+8)/(b1+b2+8) 4 s
fo=v/R 4+ a;(b, + 8)/ (b, + b, +5)

+ a.8/ (b, 4+ 8) +s
g1=aflbz/(b1+b2+s)
b2=a2b1/(bl+b2+s)

(65)

If the vapor space is assumed to be
at saturated conditions, the pressure in
the shell space is, within a narrow
range, related linearly to the vapor
temperature. Under such an assump-
tion (61) and (62), modified by a
multiplying constant, may be regarded
as the transfer functions relating the
pressure of the vapor source to the
pressure in the shell space of the heat
exchanger and to the outlet tempera-
ture of the tube fluid.

If the heat capacities of the solid
walls can be neglected, the same trans-
fer functions are obtained with the fol-
lowing modifications for f;, f., g, and

g:

fi=a’'+s, fo=a'+v/R+s
g = al, g =a’
a’ = UA,L/u,S.p:y,
a’ = UA,L*/u,.C
(66)

Type 4B (Figure 4b)
The differential equations for this
type of heat exchanger are

36, 96,
—_— = —01
o Ty (e —a)

d¢
ar

dé, 1
~ +02—021=a2f" (¢ —6:)dé
.

= b1(01” ‘IS) + b2(02_ 4’)

r

+ a, (s —8:)
dé,
—_ = b: 02‘_' 5 ) >
. b0
(67)
where
a, = h1A1L/u1slp1C1,
@ = hAp/ Wi,
a, = hsAs/Wch
b1 = hleL/Uth,
bg = h2A2L/u1cr,
b- = hJAx/UIC.\r
r = M.u,/w.L,
= x/L,
= tu,/L
(68)

The similarities between the differ-
ential equations of Type 4A and Type
4B exchangers are quite obvious from
(57a) and (67). The transfer functions
for this type of exchanger are of the
same form as (61) to (64) with the
following modifications:

fo= 14 ax(b+s)/(b.+ b, + ) +
a,s/ (b, +s) + rs (69)
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6e(s)
0::(s)
010 (s)
Buls)
0.(s)
8. (s)
8.0 (s)
Bui(s)

same as (61) without y and R

same as (62) without y and R

same as (63)

same as (64)

CONCLUSIONS

The transfer functions given above
were obtained by straightforward and
rigorous procedures of mathematical
analysis. They are valid under the as-
sumptions underlying the differential
equations describing the system. Ex-
perimental dynamic tests conducted on
various types of heat exchangers (2, 5,
6, 9, 11) seem to support the validity
of the theoretical transfer functions
presented here.

Most of the transfer functions of the
heat exchangers are complicated in
form, and the numerical computation
of the frequency response from these
transfer functions would be very tedi-
ous if done by hand. Fortunately the
voluminous computational work can be
accomplished quickly by a modem
high-speed computer. Thercfore, with
the aid of a computer, these transfer
functions, though complicated in form,
are practical for predicting the dy-
namic behavior of the system.

It has been suggested that some
simple empirical expressions of transfer
functions may be developed to ap-
proximate the dynamics of the heat ex-
changer. However this must be done
with a true insight in the dynamics of
the system obtained through rigorous
analysis of the system. Some -efforts
(7, 10) have been made in this direc-
tion. It is hoped that the transfer func-
tions presented here may be used as a
guide or comparison standard for the
simpler expressions proposed.

NOTATION

A = surface area of heat transfer,
sq. ft.; sometimes the lateral
area of a unit length of tube
for heat transfer, sq. ft./ft.

a = dimensionless parameter; for
the specific expression for a
given case, see text

b = dimensionless parameter, see
text
C = equivalent heat capacity for

the whole space occupied by
fluid stream 2, B.t.u./°F.

C,, C,, C, = integration constants, see
text

C. = heat capacity for the whole
shell wall, B.t.u./°F.
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¢. = heat capacity for the shell wall
per unit length, B.tu./°F,, ft.

¢, = heat capacity for the tube wall
per unit length, B.t.u./°F., ft.

c» = specific heat of partition wall,
B.tu./°F., 1b.

c = specific heat of fluid, B.tu./
°F., Ib.

D,, D, D, = integration constants, see
text

E, E., E, = integration constants, see
text

e = Napierian base

F, F, F; = integration constants, see
text

fuf: = intermediate parameters, di-

mensionless, see text

g, g: = intermediate parameters, di-
mensionless, see text

h = heat transfer coefficient, B.t.u./
hr,, sq. ft., °F.

i = square root of — 1

k = heat conductivity, B.t.u./hr.,
ft., °F.

L = length of the heat exchanger,
ft.

M = fluid holdup of one portion of
the heat exchanger, Ib.

M, = mass of partition wall, lb.

R = resistance to flow defined by
the last equation of (41).

r = ratio of fluid stream velocities,
dimensionless

S = cross-sectional area of tube or
shell available for fluid flow,
sq. ft.

s = LaPlace transform variable
with respect to =

T = specially defined period of
time, hr. see text

t = time, hr.

U = overall heat transfer coeflicient,
B.tu./(hr.-sq. f.-°F.)

u = fluid velocity of flow, ft./hr.

w = mass rate of flow of fluid, Ib./
hr.

x = distance along the exchanger,
usually taken as positive in the
direction of flow of the shell
fluid, ft.

y = distance along the direction of

flow of a second fluid perpen-
dicular to that of the first
fluid; sometimes the thickness
of the tube wall, ft.

Greek Letters

o, oz, 5 = integration constants, see
Equation (49)
B:, B, B = integration constants, see

Equation (49)

defined by Equation (57b)
unit impulse function

bulk temperature of the fluid,
a function of ¢ or r only, if
the temperature of the' fluid
does not change along the
length of the exchanger; a
function of x and ¢ or ¢ and -,
if the temperature of the fluid
changes along the length of
exchanger, °F.

A.L.Ch.E. Journal

> »
b

¢ = temperature of the tube or
shell wall, see above note, °F.

Laplace transform of 6, some-

times written as 4(s) to indi-
cate that it is a function of
Laplace transform of ¢, some-
times written as ¢(s) to indi-
cate that it is a function of s
latent heat of vapor, B.t.u./lb.
root or eigenvalue of the char-
acteristic equation
density of the fluid, Ib./cu. ft.
dimensionless space variable,
= x/L
= dimensionless
=t/T
dimensionless frequency of the
sinusoidal exciting function,
w = 2 fT, where f is the fre-
quency of the exciting func-
tion in cycles per unit time,
and T is the arbitrary defined
time period which converts
the actual ¢ to = by the rela-
tion r = ¢/T

=)
I

-
I

>
[t

oy
I

time variable,

_,
!

£
It

Subscripts

1,2,3 = the first, second, third stream
of fuid when used with 6, ¢,
¢, u, w, p, S; the inside and
outside surface area of the
tube when used with A and h;
sometimes different dimension-
less parameters and integra-
tion constants

B = boiler or vapor source

i = inlet condition

m = log mean or arithmetic mean
) = outlet condition

s = shell surface area in contact

with the shell fluid, sometimes
the whole shell wall
partition wall

w
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